Method (SCEM), that is based on generalized asymptotic expansions, for approximating to the solutions of singularly perturbed two-point boundary value problems. In this easy-applicable method, in contrast to the well-known method the Method of Matched Asymptotic Expansions (MMAE), any matching process is not required to obtain uniformly valid approximations. The key point: A uniformly valid approximation is adopted first, and complementary functions are obtained imposing the corresponding boundary conditions. An illustrative and two numerical experiments are provided to show the implementation and numerical properties of the present method. Furthermore, MMAE results are also given in order to compare the numerical robustnesses of the methods.
Introduction
Many phenomena in biology, chemistry, physics and engineering sciences are modelled and formulated by boundary value problems associated with different kinds of differential equations. In this manner, a model which is formulated by an equation or a system containing positive small parameter(s) is referred to as perturbed model and a model which does not keep the positive small parameter(s) is named as reduced or unperturbed model [1] . If the perturbed model contains the small parameter(s) as coefficient(s) to the highest order derivative term(s), then the problem is referred to as singularly perturbed problem, otherwise called as regularly perturbed problem.
First studies on perturbation problems were conducted by L. Prandtl and J. H. Poincaré in 1900's. The term "boundary layer" first appeared in Prandtl's paper "Motion of fluids with very little viscosity" in 1904. In this work, the small parameter was the inverse Reynold number and the equations were based on the classical Navier-Stokes equations of fluid mechanics [2] . Since 1900's, various methods have been constructed and employed. Kadalbajoo and Reddy [3] made a survey of various asymptotic and numerical methods that were developed between 1908 -1986 for the determination of approximate solutions of singular perturbation problems, then Kadalbajoo and Patidar [4] extended the work done by Kadalbajoo and Reddy and they surveyed the studies done by various researchers in the field of singular perturbation problems between 1984-2000 considering only one dimensional problems and made discussion on linear, nonlinear, semilinear and quasi-linear problems. Subsequently, Kadalbajoo and Gupta [5] presented a great survey on computational methods for different types of singular perturbation problems solved by different researchers between 2000-2009. Kumar studied general methods for solving singularly perturbed problems arising in engineering in his work [6] . Later in [7] , Roos made a survey in singularly perturbed partial differential equations covering the years 2008-2012. Besides these great papers and surveys, there are also great reference books on applications and theory of singular perturbation problems. Some of them may be given as by Van Dyke [8] , Holmes [9] , Johnson [10] , Lagerstrom [11] , O'Malley [12] , Eckhaus [13] , Verhulst [14] , Paulsen [15] , Nayfeh [16] , Murdock [17] , Murray [18] , and by Hinch [19] .
In this paper, we employ the MMAE to approximate to the solutions of singular perturbation problems first, and later present an efficient asymptotic method which was introduced by Jean Cousteix and Jacques Mauss in [20, 22] as an alternative method to the MMAE: Successive Complementary Expansion Method (SCEM). The main principle of SCEM is built on the purpose of obtaining uniformly valid approximation to the singular perturbation problems without any matching procedure. The method is, in general, applicable to singular perturbation problems that we can approximate by MMAE. To this end, we can also compare the SCEM results with previously obtained ones by MMAE. The first step in SCEM starts with looking for an approximation for outer region. The approximation is generally in good quality for the outer region, but not for the inner region. The main idea is, using boundary conditions, to add a correction term that complements the approximation. The procedure can be iterated using new corrections for new terms to improve the quality of approximation. The most important advantage of SCEM is its ability of giving uniformly valid approximation without any matching procedure. Boundary conditions are enough to implement the method. Moreover, the boundary conditions are satisfied exactly, but not asymptotically.
Description of the method
In this work, we deal with singularly perturbed second order linear two-point boundary value problems in the following form
with the boundary conditions y(a) = α ∈ R and y(b) = β ∈ R, where 0 < ε ≪ 1, p(x), q(x) and r(x) are sufficiently smooth functions. As ε → 0 + , the order of the differential equation is reduced and the equation that we call reduced equation
is formed. One can observe that there are two boundary conditions in the original problem but only one of them can be imposed to the reduced equation. Moreover, as ε tends to 0, because of the reduction of the order, rapid changes occur in the solution. The region in which these rapid changes occur is named as inner layer or boundary layer, and the layer in which the solution exhibits mildly changes is named as outer layer. 
Asymptotic Approximations
Given two functions φ(x, ε) and φ a (x, ε), defined in a domain Ω, are referred to as asymptotically identical to the order δ (ε) if their difference is asymptotically smaller than δ (ε),
where δ (ε) is an order function and ε is a positive small parameter arising from the physical problem under consideration. The function φ a (x, ε) is named as asymptotic approximation of the function φ(x, ε).
Asymptotic approximations, in general form, are defined by
where the asymptotic sequence of order functions δ i (ε) satisfies the condition δ i+1 (ε) = o(δ i (ε)), as ε → 0. In these conditions, the approximation (2.1.2) is named as generalized asymptotic expansion. If the expansion (2.1.2) is written in the form of
then it is named as regular asymptotic expansion. The special operator E 0 is called outer expansion operator at a given order δ(ε), thus φ − E 0 φ = o(δ(ε)). For more detailed information on asymptotic approximations, we refer the interested reader to [9, 12, 13, 18] .
The MMAE for SCEM
Interesting cases occur when the function is not regular in Ω, so one of the approximations (2.1.2) and (2.1.3) is valid only in a restricted region Ω 0 ⊂ Ω, that is called the outer region. Here, in the simplest case, we introduce an inner domain which can be formally denoted as Ω 1 = Ω − Ω 0 and located near the origin. In general, the boundary layer variable is expressed as x = x−x 0 ξ(ε) where x 0 is the point at which the rapid changes begin to occur and ξ(ε) is the order of thickness of this boundary layer. If a regular expansion can be constructed in Ω 1 , we can write
where the inner expansion operator E 1 is defined in Ω 1 of the same order δ(ε) just like the outer expansion operator E 0 ; thus, φ − E 1 φ = o(δ(ε)). As a result,
is clearly uniformly valid approximation [11, 13, 21] . In MMAE, two distinct approximations are found for two distinct (outer and inner) regions and then to obtain a uniformly valid approximation over the whole domain, these approximations are matched using limit process. Despite all the valuable works devoted to MMAE, it is not possible to formulate a general mathematical theory of the method. Therefore, we will study it on an illustrative example. Let us consider the following second order singularly perturbed problem that is studied employing the MMAE in [9] εy + 2y
This problem exhibits rapid changes near the point x = 0 as ε → 0 + , this region is named as boundary layer or inner layer. But, over the other region which is called outer region, the solution does not show an unusual behavior. This region is the region which is far from the point x = 0. We will adopt an approximation for the outer solution as
and for ε = 0, the reduced equation is obtained as
Solution of (2.2.6) is obviously y 0 (x) = Ae −x , A ∈ R and if the outer boundary condition is imposed (for x = 1), the outer solution is obtained as
In order to obtain inner (boundary) layer approximation, we introduce a new variable
Thanks to the new variable, called boundary layer (stretching) variable, we get the chance to stretch the thin layer as ε → 0 + . We denote the inner solution that depends on x and valid for near the point x = 0 by Y(x). Using the chain rule
is obtained and applying the transformation (2.2.8) to the original problem (2.2.3)
is found. If the both sides of (2.2.10) is multiplied by ε, we reach to
) is a regularly perturbed linear ordinary differential equation and we propose an approximation in the form of
Since we are interested only in the first term of the approximation (2.2.12), we can make our calculations for ε = 0. To this end, the equation
is obtained. Considering the inner boundary condition at x = 0 (x = 0 =⇒ x = 0), the general solution to the equation (2.2.13) is found as
It is obvious that we are not able to determine one of the unknown constants, B. To determine B, we will use the matching procedure of MMAE. So far we have found two approximations (2.2.7) and (2.2.14) that are valid for distinct regions, but we know that these two approximations actually belong to the same approximation. Using this idea, the matching procedure may be given as follows [9, 11] lim
Thus, we reach
Finally, we desire to obtain a composite approximation. To do this, we simply add the inner and outer approximations and subtract the common limit, that is, using the following procedure
we reach the following composite MMAE approximation
Successive Complementary Expansion Method
The uniformly valid SCEM approximation is in the regular form given as
where {δ i } is an asymptotic sequence and functions Ψ i (x) are the complementary functions that depend on x. Functions y i (x) are the outer approximation functions that have been found by MMAE before, and they only depend on x, not also on ε. If the functions y i (x) and Ψ i (x) also depend on ε, the uniformly valid SCEM approximation, that is named as generalized SCEM approximation, is given in the following form [20] - [24] 
Let us consider the problem (2.2.3) again and propose an approximation for n = 0, that is, we look for a SCEM approximation in the form of
and we know that from the equation (2.2.7), y 0 (x) = e 1−x . Thus, approximation (2.3.3) turns into
Once the approximation (2.3.4) is substituted into the original problem (2.2.3)
is obtained. It follows that
The resulting equation that is given in the last line of (2.3.6) is a regularly perturbed linear non-homogeneous second order ordinary differential equation. Balancing the terms with respect to the orders of perturbation parameter ε, first SCEM approximation is obtained as
If one carry out the algebraic operations without balancing the terms with respect to the orders of ε, then exact solution is obtained as in the following lines. Let us denote the SCEM solution that we will obtain without balancing as y scemw 0 (x, x, ε) and find the general solution in two steps:
• Solution of Homogeneous Equation
is obtained and using the characteristic equation
is found.
• Solution of Non-Homogeneous Equation
Here, we will find particular solution of the equation
To achieve this, we will use undetermined coefficients method. Let us propose the solution
and substitute it into the equation (x, x, ε) is uniformly valid approximation (we assumed that at the first stage) it must hold the boundary conditions. Now we shall determine the boundary conditions considering the stretching variable
Using the boundary conditions (2.3.9) and (2.3.10)
is obtained. Again using (2.3.9) and now (2.3.11), it is obvious that
.
Thus,
is obtained. Since x = x ε , we can write down x ε instead of x and so the uniformly valid SCEM approximation
is obtained. On the other hand, Problem (2.2.3) is an exactly solvable problem and its exact solution is given as
. (2.3.14)
As given by the equations (2.3.13) and (2.3.14), the analytic solution Ψ 0 , that is obtained without balancing the terms by orders of ε parameters of the complementary equation (2.3.6), forms the equation y scem 0 (x, x, ε) = e 1−x + Ψ 0 (x) directly exact solution to the problem (2.2.3). In Fig.1 -Fig.3 , exact solution, MMAE and SCEM approximations are given for the illustrative example. Here, the SCEM approximation −e, that is obtained by balancing the equation (2.3.6) with respect to zeroth power (dominant order) of ε. While SCEM gives more accurate approximation for ε = 0.6, as ε gets smaller and smaller, SCEM and MMAE approximations overlap and approach to the exact solution. On the other hand, it can be observed especially in Fig.1 that MMAE approximations satisfy the boundary conditions asymptotically. Moreover, Table 1 shows that the SCEM approximations are in quite good agreement with exact solution even increasing ε values, and L 2 -norm errors for these two approximations are exactly same up to the values around ε = 0.05. 
Numerical Experiments
In this section two numerical examples are given. All the figures and numerical results are generated in Matlab 2016b environment.
Example 1: Consider the non-homogeneous singularly perturbed problem from fluid dynamics for fluid of small viscosity [25] 
This problem has rapid chances near the point x = 0. The exact solution of (3.1) is given as
and one-term SCEM and MMAE approximations are given as follows Table 2 shows that MMAE approximations are slightly more accurate than SCEM approximations for non-homogeneous problem, Example 1. As one can point out from Fig.4 and Fig.5 , as ε → 0 + , MMAE and SCEM approximations are getting more accurate.
Example 2: Consider the singularly perturbed problem given in [26] −εy
This problem has rapid chances near the point x = 1. The exact solution of (3.5) is given as where
and one-term SCEM and MMAE approximations are given as follows
In Fig.6 -Fig.8 , comparisons of approximations that are generated by SCEM and MMAE are given for ε = 0.3, ε = 0.1 and ε = 0.01, respectively. It can be point out that for ε = 0.3, MMAE generates relatively more accurate approximation. As it can be observed in Table 3 , for more smaller ε values, SCEM and MMAE approximations exactly overlap. In general manner, MMAE approximations are a bit more accurate than SCEM approximations, but for increasing ε values, especially for larger values than ε = 0.5, MMAE approximations are unacceptable.
Conclusion
In this paper, the well-known method MMAE and relatively new one SCEM are compared for solving singularly perturbed linear problems. An illustrative example is given to demonstrate all the steps of both methods in detail. Two non-homogeneous equations that has a left-end boundary layer and that has right-end boundary layer are provided respectively in order to analyze different cases. It is observed that SCEM gives more accurate approximations than MMAE approximations for homogeneous problems since non-homogeneous parts lead loss in captured terms during the balancing process. On the other hand, it is observed that MMAE approximations are a bit more accurate than those that are obtained by SCEM for solving non-homogeneous problems. Although only one-term approximations are proposed, SCEM and MMAE gives highly accurate approximations for moderately small ε values. It is observed that if ε is not kept sufficiently small, both SCEM and MMAE approximations differ from the exact solutions. The comparisons show that SCEM is an effective and flexible alternative method for solving singularly perturbed, for especially homogeneous problems. Furthermore, the boundary conditions are satisfied exactly and any matching process is not required contrary to MMAE.
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